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Abstract The execution of orders on stock exchanges is managed by a
set of formalized rules based on price and time priority. Nevertheless, orders
issued by investors do not show-up directly in the market system : they
transit through the brokerage intermediation where they can be arranged in
different sequences. We show that the latter operation has a critical impact
on investors. In this paper, we propose a decision support system that solves
the underlying optimization problem for a given social welfare. We show that
the solution cannot be obtained without an agent-based simulation platform
that individualizes the consequences of the broker decision in terms of order
sequencing at the agent (client) level. In this framework, we study the impact
of several social welfares functions and show how the broker can grant his
clients with ”just and equitable principles of trade”.

Introduction

In modern stock exchanges, investors almost never have the ability to route
their orders directly to the market; they must use the services of a financial
intermediary whose task is to trade securities on behalf of his customers: a
broker. Thus, the role of the broker consists in introducing their orders in one
of the various trading platforms that are available for the relevant financial
commodity. These platforms usually run with electronic order books. Basi-
cally, an order book captures the on-going continuous double auction process
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allowing negotiation between buyers and sellers. Electronic order books im-
plement a ”price” then ”time” priority system. Sell (buy) orders are organized
by increasing (decreasing) prices and, in case of equal prices, placed in the
queue with respect to the time-stamp indicating when they were introduced
in the book.

Consider the situation of a broker having a set of orders O : {o1, o2, ..., on},
awaiting to be inserted in a given order book. Whatever the time at which
these orders were issued or whoever the customer are, these orders are pend-
ing at the broker’s desk, and just about to be introduced in the market and
processed by the matching algorithm.Nevertheless, nothing is clearly estab-
lished concerning the ”how-to” introducing orders in the book, so to behave
smartly and fairly with respect to clients own interests. Nevertheless, a body
of literature, both from Finance and Computer Science has tackled related
questions such as orders cost of execution (see for example, [8], [2])1.

This paper investigates this question, shows why it is of main interest both
for Computer Scientists and Financial professionals and how it can be solved
in an agent-based Decision Support System. We demonstrate that a Social
Welfare Function must be defined by the broker and guaranteed throughout
the trading process to achieve just and equitable principles of trade he owes
to his customers. We also show that a simple ”first-in first-out” principle
to rule the order flow does not necessarily lead to an optimal situation for
broker’s clients. To illustrate the research question tackled in this article,
let’s consider a simplified situation where an order book has two limit orders
listed in the Bid and the Ask queues (see Table 1).

RAP* Price Qty
Ask 2 120 5
Ask 1 110 10

Bid 1 90 10
Bid 2 85 5

* RAP : rank in the auction process

Table 1 Initial Order Book

We now show that when a set of orders must be introduced in this order
book, the sequence along which they are submitted affects the resulting price
sequence. For that purpose, we consider the following limit orders:2

• Agent ”A” wants to sell 25 stocks at a minimum price of 85.
• Agent ”B” wants to buy 10 stocks at a maximum price of 95.

1 Most of the time, this question is officially solved by a ”first-in first-out” principle :
orders are treated on the fly. Nevertheless, orders can be re-arranged, and sometimes mixed
with the brokers own orders (proprietary trading) in ”front running” illegal or parasitic
operations [4].
2 A ”limit order” fixes the max (min) acceptable price at which an investor agrees to buy
(sell) a financial commodity.
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The initial situation of these agents is summarized in Table 2.3

If the orders are introduced by the broker in opposite sequence (A then
B) or (B then A), the impact on both agents wealth is clearly different due
to priority rules and to the fact that the final portfolio is evaluated mark-to-
market as well (i.e ”with the last settled price on the market”).

Initial Final

Agent Cash Stocks Price Wealth Cash Stocks Price Wealth ∆

(A then B) Ask 375 25 105 3000 2550 0 85 2550 -450

Bid 3000 0 105 3000 2150 10 85 3000 0

(B then A) Ask 375 25 105 3000 2650 0 85 2650 -350

Bid 3000 0 105 3000 2050 10 85 2900 -100

Table 2 Situations for Traders A and B

Therefore, it is obvious that the sequence chosen by a broker when intro-
ducing a series of orders is critical for his clients’ wealth. Note again that if a
time-stamp constrains the Broker (for example order A arriving first to the
desk), this does not really solve the problem since it automatically fixes the
order execution (first-in, first-out) without considering any aggregate utility
criterion. This could be even more discussed when the time-stamps are close
in time. If one desires to respect just and equitable principles of trade this im-
plies to avoid decisions that favor one customer (in casu A or B) against the
others. In this example, the broker faces a set of combinations ℵ = {01, 02}
with two vectors of orders 01 = {A then B} and 02 = {B then A} Note
that the number of combinations of orders (each one generating a specific
sequences 0j) is fairly large, as soon as n becomes important: n!. Thus, the
broker has to choose in ℵ a Pareto-optimal vector O∗j for his customers.
This issue is clearly related to a social choice problem [1] and the solution
necessitates to define a particular Social Welfare Function (here-after SWF).

This paper is organized as follows. In section 1, we introduce the social
welfare functions used by the agent-based decision support system. In section
2, we briefly present the decision support system itself. In a last section (3)
we propose a limited set of experiment run over artificial data to illustrate
the effectiveness of the architecture.

1 Individual and Social Welfare

Individual actions : One should distinguish two different individual actions
with respect to the category of agents: those made by investors and those

3 We have fixed an initial arbitrary price for the stocks of 105.
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made by the broker. Agent’s individual rationality (whatever their role is) is
supposed to be standard, e.g., they always prefer having more than less.

1. Investors actions:

• Investors are represented by a population of n autonomous agents.
Each of these agents send one limit orders oi to the broker.

• A limit order is a 4-uplet oi : {id, direction, price, quantity} deter-
mining the name of the agent, if he wants to sell or buy, at which
limit price, and for which amount.

2. Broker actions:

• The broker must route the resulting set of orders O : {o1, o2, ..., on}
to the order book. This necessitates deciding in which sequence these
orders will be arranged prior to be introduced in the market system.
Any combination of all the elements in O is a vector denoted Oj . As
mentioned previously, there are n! = m such combinations.

• We denote ℵ : {Oj,j∈[1,m] : O1, O2, ..., Om}, the set of all possible
combinations of orders out of O.

Ideally, investors should obtain as much as they can from their trad-
ing activity. Nevertheless, sellers and buyers have clearly opposite interests.
Concerning the broker, one should posit that his own aim consists in maxi-
mizing the fees he charges his customers with. These fees are based on the
market capitalization exchanged by these latter through his services (i.e.
price× quantity).

1. Investors welfare (wi):

• Let wi,t be the wealth of agent i at date t. For the sake of simplicity, we
posit a uniform transformation of agent’s wealth in terms of cardinal
utility (any kind of Von Neumann utility function [7] can be chosen
here like u(w) = log(w) or u(w) = wα).

• wi,t = pt.Ai+ci,t. In this equation, pt is the price vector for the assets
Ai held by agent i (these assets being represented by their quantities);
ci,t is agent i cash at time t. Among two states of the world Ω1 and
Ω2, if wi,t|Ω1 > wi,t|Ω2 then ui,t|Ω1 � ui,t|Ω2.

• ∆wi,t = wi,t − wi,t−1 is the variation of agents individual welfares.

2. Broker welfare (wB):

• Let r be the transaction cost applied by the broker and charged to
his clients.

• Any transaction leads to a transfer of cash (p × q) from the buyer
to the seller. Therefore, the transaction costs apply on these values
cumulated over time. We posit that r is the same for any of the
brokers’ customers and that fees are charged once for the seller and
once for the buyer (see algorithm 1).
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for (i in 1:n) do
process oi ∈ Oi;
wB ← wB + 2× r × (p× q)

end

Algorithm 1: Calculation of Broker’s welfare

Social Welfare : We have shown that depending upon the sequence Oi

for processing the orders, agents’ utilities will be affected accordingly. Based
on these individual utilities, a social welfare function (here after SWF) can
be defined and used to compute a social welfare measure for each Oi. Let:
U = f(ui,i∈[1,n]), the collective utility function based on agents individual
utilities. This function should ideally respect a series of properties: Extensive
developments around these concepts can be found in [6].

Thus, a crucial question here is to determine a computable function U
to decide which sequence 0∗j ∈ ℵ should be chosen in order to ensure a fair
treatment of orders among customers.

agentsUtilities← NA ;
BestSW← NA ;
BestSeq← NA ;
for (j in 1:m) do

process Oj ;

agentsUtilities ← uj
i,i∈[1,n]

;

sw ← U(agentsUtilities) ;
if (sw ¿ BestSW) then

bestSW=sw; BestSeq=Oj

end

end
O∗j ← BestSeq ;
return O∗j

Algorithm 2: Algorithm for the choice of O∗
j ∈ ℵ

One can remark from algorithm 2 that U is run over a matrix of m vec-
tors of n values. There is obviously no unique possible function or process
U that can solve the question of the fair treatment of orders and each al-
ternative should be considered carefully. For example, the broker can choose
several traditional options. These options are based on real-valued functions
delivering a ”welfare score”.

1. Utilitarian SWF.
In this case, the broker would choose the vector of orders delivering the
highest sum of individual utilities : 0∗j ≡ maxj(

∑n
i:1 uj

i,i∈[1,n]) In the
initial example presented in section , this criterion delivers a score of
5550 whatever the sequence. Hence, both are equal and this criterion
does not help to choose among these results.
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2. Egalitarian SWF (Rawl’s ”difference principle”, see [10]).
The choice of this rule implies to opt for the sequence of orders delivering
the maximum of the minimum individual utility amongst the agents 0∗j ≡
maxj(mini(u

j
i,i∈[1,n])). In the basic example, if this SWF is chosen, one

should decide to process B then A (max of min values = 2650).
3. Elitist SWF.

The sequence of orders delivering the maximum individual utility amongst
the agents will be chosen : 0∗j ≡ maxj(maxi(u

j
i,i∈[1,n])). This approach

delivers an opposite outcome (A then B, max of max values = 3000) with
respect to the egalitarian approach.

4. Nash SWF.
This approach proposes to consider the sequence of orders from which the
product of individual utilities is maximum : 0∗j ≡ maxj(

∏n
i:1 uj

i,i∈[1,n]) In
this last case, B then A must be chosen (product of values = 7.685E6).

In our context, these alternative measures can provide a justification for any
of the possible combinations in the order sequence. Nevertheless, one can
imagine that client A or B, will not appreciate these justifications on the
same footage, some appearing fair and others unfair with regard to each
individual point of view. Furthermore, notice that as soon as one uses the
Egalitarian or the Elitist criterion, one client is favored to the detriment of
the other. Nevertheless, this choice could be made by a broker for marketing
reasons or to maximize his own utility wB . The Utilitarian criterion does
not help to choose in this particular case, even if it is intuitively appealing
in terms of fairness. In summary, in our example, whatever the final deci-
sion, A or B will be favored. Note that in the preliminary example, for the
sake of simplicity, we have arbitrarily fixed initial identical endowments for
the agents. In most of the cases, this will not be true. Thus, the result of
the sequence in which orders are entered in the system must be appreciated
”as if” agents were wealth-less (without any stock or cash prior to trading).
This ”wealth-less instantiation” is an initial, necessary step in the process.
It means that an agent willing to sell will have, by construction, negative
stock holdings and positive cash after trading, while an agent willing to buy
will have positive stock holdings and negative cash. Thus, the Utilitarian
and Nash Social Welfare Functions are not adapted because one can imagine
situations in which the post-trading wealth of an agent is negative. 4 This
calculation, based on a ”wealth-less instantiation”, has two straightforward
consequences: i) the Utilitarian criterion is constant whatever the chosen per-
mutation of orders, ii) the Nash criterion cannot be used due to the possibility
of negative individual welfares in some cases. One should therefore consider
alternative SWF.
4 For an application of these criterion in a MAS, see [9].
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2 Decision Support System

In this research, we provide a system that allows a broker to simulate within
a given order book the execution of his customers’ orders in different se-
quences. Consequently, this decision support system must be able to capture
the current state of a real-world market at time t, and to test in a virtual en-
vironment where the real-world rules are cloned, the impact of any sequence
Oi ∈ ℵ with regard to the social welfare of the customers population. In doing
so, the decision support system extrapolates the impact of the broker possi-
ble decision and allow him to select the best possible outcome. Notice again
that a social-welfare rule has to be defined prior to any simulation. Thus an
agent-based artificial stock market, able to simulate these outcomes, appears
vital in this design. Ideally, it not only should allow defining behaviors at the
individual level, but also should permit to track the consequences of agents
actions at the micro-level, with some realism. To build a powerful decision
support system, a full agent-based ASM is definitely necessary since the cal-
culation of social welfare is done from agents’ individual welfares. Therefore
one should use a system that individualizes the consequences of each agent’s
action, implements an asynchronous order book and reifies the agents.

The details of the agent-based artificial stock market (here after ABASM)
used in this research, named ATOM, can be found in [5]. This platform is
validated by both the industrial and scientific worlds: for example, the plat-
form can simulate, using artificial behaviors, the main stylized facts usually
considered as necessary for realistic simulations of financial motions (see for
example [3]); the ”replay-engine” of this platform can use real-world orders
and will deliver, in this configuration, the same results as the NYSE-Euronext
system . Using this ABASM, a broker will be able to decide, with regard to a
social welfare optimization rule, which sequence should be run by the broker
in the real-world book. Note again that the choice of a given sequence of or-
ders among all possible sequences cannot be done without tackling its impact
at the individual and the collective levels. This imposes to use, in addition
to the ABASM itself, a ranking algorithm for each possible sequence of orders.

Ranking Algorithm : The only solution we have found so far is to test
all possible combinations of orders. Nevertheless, an initial simplification can
be done.

Let bi and ai be the sub-vectors respectively gathering the ”buy” and
”sell” orders (bi

⋃
ai = O). Let b′i and a′i be the (”buy” and ”sell”) orders yet

present the order book. The subset of orders that are critical to determine
the optimal social welfare is :

O′ = {{bi ≥ (min(ai) ∨min(a′i))}
⋃
{ai ≥ (max(bi) ∨max(b′i))}} (1)

In equation 1, the operator ≥ applies on prices appearing in orders. For
the next developments, O is supposed to be reduced to O′. In the ranking
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algorithm 3 presented below, ”ATOM” refers to our agent-based artificial
stock market presented previously.

Input: Order Book (Real Orders), Waiting Orders, R (rule to optimize)

U(optimal Social Welfare) ← −∞;
O∗i (Optimal Sequence of Orders) ← ∅ ;

forall the possible Permut SEQ of Waiting Orders do
init ATOM with Order Book;
execute SEQ in ATOM;
compute SW according to R;
if SW > OSW then

OSQ← SEQ ;

Display OSQ
Algorithm 3: Optimal Sequence of Orders

3 Experiments and discussions

In this section, we illustrate the effectiveness of the agent-based decision
support system using artificial sets of orders that will be used in a context
where the broker has to run the sequence of orders in an empty order-book.
This means that each of the broker’s orders is matched internally (within
the set of broker’s clients orders). This is a limit case known has ”systematic
internalization”. We have chosen to generate artificial data for the sake of
simplicity and tractability of the results. The following algorithm is used in
both series of simulations. It proposes a process delivering 2× k orders with
price limits and quantities.

size=3 ;
for (int k = 1; k ¡= size; k++) do

new LimitOrder(ASK, 2(k−1), 10− (k − 1))
end
for (int k = 1; k ¡= size; k++) do

new LimitOrder(BID, 2(size−k), 12− (k − 1))
end

Algorithm 4: Automatic Generation of Orders

The complexity of the task is exponential and depends upon the number
of orders the broker must deal with. When k = 3, one gets 720 potential
permutations using the 6 orders (6!). This number of permutation is raised
to 40320 when k = 4. On a 4-cores computer, this calculation takes around
1.5 seconds, which implies that a heuristic should be found to approximate
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Table 3 broker order set O; orders interpretation : {id, direction, price, quantity}

k = 3 {A, Ask, 10, 1},{B, Ask, 9, 2}, {C, Ask, 8, 4}, {D,
Bid, 12, 4}, {E, Bid, 11, 2}, {F, Bid, 10, 1}

k = 4 {A, Ask, 11, 1}, {B, Ask, 10, 2}, {C, Ask, 9, 4}, {D,
Ask, 8, 8}, {E, Bid, 11, 8}, {F, Bid, 12, 4}, {G, Bid,
13, 2}, {H, Bid, 14, 1}

the optimal solution in an acceptable time. Notice for example that with the
4-cores computer, 12 pending orders necessitate nearly 5 hours of computing
time; grid computing appears therefore necessary to get a solution at short
notice, even if it cannot solve the problem. A realist number of pending orders
at the broker’s desk – for example 20 – should be arranged optimally in a few
seconds, which for the moment, cannot be done. This necessitates to develop
an appropriate heuristic. We report the results of this set of experiments in
Table 4.

Table 4 Results, systematic internalization

n=3, 6 orders

Num of Sol. Card. of ℵ U Example of O∗ wB Max wB
(1)

Utilitarian 720 720 0 {A, B, C, D, E, F} 160 160∗

Elitist 40 720 12 {A, B, E, D, C, F} 160 160∗

Egalitarian 56 720 -2 {A, B, D, E, F, C} 160 160∗

∗ → sequence in ℵ to obtain this result : {A, F, D, B, E, C}
n=4, 8 orders

Num of Sol. Card. of ℵ U Example of O∗ wB Max wB
(1)

Utilitarian 40320 40320 0 {A, B, C, D, E, F, G, H} 320 338∗∗

Elitist 288 40320 35 {A, B, C, F, G, E, D, H} 320 338∗∗

Egalitarian 152 40320 -4 {A, B, C, F, G, D, E, H} 320 338∗∗
∗∗ → sequence in ℵ to obtain this result :{A, G, B, H, E, C, F, D}

(1) : Maximum possible welfare for the broker

The left-hand side of the table (column 1 to 4) confirms that different social
welfare measures deliver different optimal sequencing O∗ for the order set
generated by our algorithm (see Algorithm 4). These results clearly illustrate
another important issue raised in this research : the broker own interests do
not match his clients ones. For example, in the case where 8 orders must
be sorted, {A,G,B,H, E, C, F,D} is the more interesting sequence for the
broker(wB = 338). With regard to the individual welfares of his clients, it is
never an optimal solution (Utilitarian = 0, Elitist = 4, Egalitarian = -8). In
other terms, whatever the social welfare measure, none is compatible with the
broker own interests. This result points out a potential conflict of interests
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between these categories of economic agents (investors and intermediaries),
which requires at least some supervision, and probably some regulation.

Conclusion

In stock markets, brokers hold a central position where they have the possibil-
ity to influence price dynamics in ordering the flow of orders they receive from
their customers. Even if their activity is strictly monitored by professional as-
sociation, they ultimately could arrange the pending orders from their clients
so to capture maximum benefits for themselves (a behavior called ”front run-
ning” in finance) or, alternatively, arrange these orders in sequences granting
fairness amongst their clients. We therefore show in this paper, that since the
broker’s own interests do not match his clients’ ones, order sequencing should
be carefully set before posting the orders to the market so to match a prede-
fined ”fairness among clients” rule. We also defend that only an agent-based
decision support system can solve this highly complex task. For the moment,
we only propose an algorithm that never scales to find the best orders se-
quence execution. Nevertheless, the finding of heuristics with appropriate
features and lower complexity is mandatory for future extensions.
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