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Introduction

Definition

For each s = (s1,...,s) € (N*)", 51 > 1, the polyzetas (multiple zeta
values (MZVs)) is defined by the following convergent series
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Introduction

Definition
For each s = (s1,...,s) € (N*)", 51 > 1, the polyzetas (multiple zeta
values (MZVs)) is defined by the following convergent series
1
¢(s) =<¢(s1,...,87) = Z S

m>..>n>0 1 °°°

Theorem (comparison formula) [9]

Zy = T+ 1)rv(2L) (1)
= Zw = Bm)mv(Z) (2)
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Algebraic structures on noncommutative polynomial
On the alphabet X = {xo, x1} [4]

Hopf algebras in duality
(Q<X>ﬂ R 1X*7A|_u ) s) <:> (Q<X>7 ) 1X*7Acon07 S),

One constructed the PBW basis (Pw)wex+ Of the freely associated
algebra Q(X) and the transcendent basis (S))/cynx of the algebra

(Q(X), o, 1x-).
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Algebraic structures on noncommutative polynomial
On the alphabet X = {xo, x1} [4]

Hopf algebras in duality

(Q<X>ﬂ * 1X*7A|_u?s) <:> (Q<X>7 L, 1X*7A00n07s)a

One constructed the PBW basis (Pw)wex+ Of the freely associated
algebra Q(X) and the transcendent basis (S))/cynx of the algebra
(Q<X>7 t, 1X*)'

On the alphabet Y = (ys)sen- [2]

Hopf algebras in duality
(Q<Y>7 @9 1 Y*aAtﬂ 7Sl) ;} (Q<Y>7 = ) 1 Y*aACOnCa Sl)7

We also constructed the PBW basis (M,,)wcy- of the freely
associated algebra Q(Y) and the transcendent basis (¥/)/c.yny of the
algebra (Q(Y), i, 1y+).
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Constructing linear relation between C := Q @ Q(X)x; and Q(Y),

view as the graded modules (1/4)
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Constructing linear relation between C := Q & Q(X)

view as the graded modules (1/4)

We now consider homogeneous polynomials by length with respect
to alphabet X and by weight with respect to alphabet Y. We view the
following graded vector spaces

C:= Q& Q(X)x; = @) spang(Xn) = @ spanq(Ya
n>0 n>0

where X, Y, being corresponding the sets of words with length and
weight n.

Xo = {1}, YO = {1}

Xi:= {x}, Yii={»n}

Xo = {XoX1, X1 X1}, Yo = {yo,y%}

= {X¢x1,%0x2, x1X0%1, X3}, Ya = {y5, Yoy1. V1¥2, ¥3}

X3Z
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Constructing linear relation between C := Q & Q(X)
view as the graded modules (2/4)

Let us define the linear isomorphism

Ty :C — QY)

sr—1
4 X1 — ys1 ...ysr

s1_1x1...x0

Xo

and wx be its inverse.

Its extension over Q(X), be still denoted by my, satisfying wy(p) =0
for any p € Q(X)xo.

my(Xo) = 0,1y (X1) = y4
Ty(XoX1) = Yo

1 1
7Ty(2XOX1 — X1 Xo — §X1XOX1) = 2y2 - §y1y2
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Constructing linear relation between C := Q @ Q(X)x; and Q(Y),
view as the graded modules (3/4)

Lemma

For any w € X*xy, we call P,,, S|, to be corresponding P,,, Sy,
restricted on C. Then, (P},)wex,, (S))wex, are a pair of bases in
duality of the spangy(Xn).

[P =Sy = X1 €C =P, =S, =X,

Pwx, = XoX1 — X1Xo ¢C =P, =XX,

Sxoxi = XoXq €C =5, =XX,

Poce = XoX2 — 2x1XoX1 + X2X9 ¢C = P)’(OX12 = XoX? — 2X1XoX1,
Sioxixi = XoX? €eC =8, =XX

Remark: For any w € X*, we have 7y(P;,) = my(Pw) and
my(Sw) = v (Sw).
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Constructing linear relation between C := Q @ Q(X)x; and Q(Y),

view as the graded modules (4/4)

For each n, we arrange the elements of X, and Y,, in the increasing

order respectively as u\” < Ui < ... < uéﬁ')_“
vf”) < vz(”) <. < vz(fL; and then establishing the matrix
representation of wy in the two ordered bases as follow
ﬂyp;gn) I'IVW(n) ﬂys;gn) ngn)
= M : and : = N :
P’- n i S’- x> i
" ug’?*1 vé',?_1 w “gr?q ";Z)—1
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Constructing linear relation between C := Q & Q(X)

view as the graded modules (4/4)

For each n, we arrange the elements of X, and Y,, in the increasing

order respectively as ul” < uf” < ... <),

vf”) < vz(”) <. < vz(fL; and then establishing the matrix
representation of wy in the two ordered bases as follow

P’ n s
Ty ugn) "w(n) Ty ugn) ):V1(n)
= m" : and : =N
wy P’ n (n) myS’ pags
“;nn)f 1 Vén— 1 “érr?f 1 Vén)— 1

By the duality, we have N = ('(M(")))_1 . We can see more clearly by the following diagram

Ty
(spang(Xn), (P;gn))1§,'§2n—1 ) T) (spang(Yn), (N (n))1<j<on—1)
1
duality duality
v oy 7
(SpanQ(Xn)a (s;(,-,))1§,‘§2n—1 ) T (Spa"Q(YnL (ZV(”))1§/‘§2"*1 )
i J
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Encoding polyzetas by words

Definition

One defines the two morphisms ¢, : (C, =) — (R, -) and
Cw : (QUY), ) — (R, -) map each word (called convergent word)

form x§1_1x1 ...xg’*1x1 € XoX*Xy 0r s, ... ¥s, € Y*\ y1 Y* become
¢(si,--.,Ssr) and convention ¢, (x1) = Cw (1) = 0.
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Encoding polyzetas by words

Definition

One defines the two morphisms ¢, : (C, =) — (R, -) and

Cs = (QY), =) — (R, ) map each word (called convergent word)
form x§1_1x1 ...xg’*1x1 € XoX*Xy 0r s, ... ¥s, € Y*\ y1 Y* become
¢(si1,---.,Sr) and convention ¢, (x1) = Cwi (1) =0

The global regularization [7, 9]

Ly = Bl(y1)7TyZLu
(= 1)" "((k ,
D Cu@)y = exp () > (S
weY* k>2 weX*
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Lemma

If we have the representation B'(y1) =1+ -, By then

B SIS R T LR

i=1 ky,....kj>2
k1+...+k,-:m

where | 7] is the largest integer not greater than 7.

i \

(2) .
B 5¢(2)
B = 2(3)
1 1
BY = —2((4) + 5¢(2?

V.
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Identify the coefficients (1/3)

on basis (My)ycy-

Z Cw (X)) = B'(n) Z G (Su)my Py

veyY* ueXx*
on— 1 on— 1
&Y > Cuwl( Z(n>|_|<n = B(1)> > ¢l 7sz<n> nn, o
n>1 j=1 n>1 j=1
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Identify the coefficients (1/3)

on basis (My)wcy-

Z Cw (X)) = B'(n) Z G (Su)my Py

vey* ueXx*
2n—1 2n 1
YD Cw(EmMe = B)d Y umx(E o nn, o
n>1 j=1 ! ! n>1 j=1

X (Z qm (zv)rlv> = TX (BI(Y1) Z G (SU)WYPU>

veyY* uex*

2n1 2n1

@ZZCm my(S () B/(X1 chm

n>1 i=1 n>1 i=1
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Identify the coefficients (2/3)

on basis (My)wcy-

2!7—1
(e (Z0) = DoMPC(Sm). W gy
i=1

k
(e (Z,0) = Culv(Zm) + Y B™ (ax(Zypn,), W7 = yi

m=2

C(Zyz) = C(Sxo)q )
1 1
e = (GeSe+ase) + (—5¢@)
> = L S L S L S, S
e = (56820~ 365, 00) + 36(Surom) + €(S,0))

1 1
+ (= 5¢@c(s0) + 5¢@)

”
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Identify the coefficients (3/3)

on basis (P},)wex+x

(]
=
&
oY
f
M
|

i

k

m=2

C (Sugn))7 vulgn) ¢ X12X*X1

NG (Em) = GulSum)+ D BMGL(Syny)), VU = xf

<

Sl (Xy,)

g
qEY] (2y12) - ECLiJ (Zy,)

1 1
[QET] (Zy13) - ECtﬂ (Zyyyp) + Sctﬂ (Zy3)

S (Sxpxq)

1
(Sin) + (-5¢@)
€ (S)

@ <@
+ (77@ (Sx) + =2

)

”
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The algorithms to express structure of polyzetas on the bases

INPUT: One positive integer N.

Find all words, w, of length nin X™* such that w € X X™ x; or w € xy X9 X™ x1. We call this set to be x(n),

2. Find all Lyndon words of weight nin Y*.

Find relations of polyzetas of weight n expressed follow (/) £yny by the way: for each w € XM take
P := mwy(Sw) and express P by basis (£;);c £yny (use the methode in [1]), called Px
i) if w € LynX then we store ¢(Px) to variable ¢(Sw),
i) if w=xju,u € XgX™ x; then we take ¢{(Py) and set a relation {(Ps) = 0 (because
¢(Sw) = ¢(xy L Sy) = 0).

iii) if w € XgX™x; \ LynX, we rewrite w form Lyndon factorization w = /:1 .. ILK , get
((S,j ),j = 1..k from data of lower weight and establish the relation

1

———(S)" Sk = ¢(Py)
il !

4. Eliminate the system of relations to find down structure of polyzetas of weight non (%,),c cyny-

OUTPUT: Polynomial relations among polyzetas up to weight N.
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Polynomial relations among polyzetas

3] ((Epy) = 3¢(Tyy) (Sge) =Sg,)
(Ty,) = 2<(5y) (Sg,) = 2¢(Sxpx )2
4 Epyy) = TR C(ngx$) = 15¢(Sx)?
(e = 2¢(zy,)? (S0 = 2¢(Sxpx )2
C(rygyp)  =3¢(Xyg)C(Xy,) — 5C(Xys) ((SX8X12) = —C(SX§X1 )¢(Sxpxq) + 2C(SX61X1)
C(Tygyy) = —C(55)¢(Typ) + 3C(Ey) (Sany) = fgc(sxgx1 )+ (82, )¢(Siox)
5 C(Zy2y1) = 3¢(55)¢(Ey,) — B¢(Ey) USg) = (S, )(Sxox) + 2(Sys, )
<= y3y1 = 12¢(%) C(sx0x1x0x$) = 38, 4 x)
T,8) = 3CE)C(Ey,) + §4(5y) (S, p8) =S, X1)
((Ty) = HC(Ty,)° (8g,) = %c(sXM )
CTyape) = C(Ty)% — 5 ¢(5y)° (Sge) = LS — ‘gc(sxgx1 )2
C(Tyey) = 56(Ey)% — (T ) S8 = 45 C(Sxox )
Tyapye) = —3¢ER)® + 2¢(5y,)? (Sg9) = B¢(Sxyny)® — S, )2
6 | C(Tyamy)  =3C(Ty)? — H<(Ty)° Sy ) = 25 ¢(Sn )°
(=) = F¢E)® - 3¢(5y)? (Szegy) = =82 ¢(Sxpx )° + %<(ngx1 2
(Fg2) = Ge(Ey) - 165y (Sz4) = &Sen)" — £¢(Se,, )
(Fy0) = 2 ¢(Ty)° Sprpd) = £ ¢(Sxgny)® — Sy, )2
(T8 = Fe(Ey,) + Fc(5y,)? (Sg8) = £¢(Sxn)®
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Irreducible polyzetas

List of the irreducible polyzetas up to weight 12:

(55,0 C(Eyy): C5ys ) S5y, RO CPR NI CPRR RO
(x50 C(Eyg) C(x) 7). C(Bpy) C(SX0X12XOX;1)VC(SX8X ) C(SXOX12X0X6),€(SX10X )
C(z},zy?)xC(Zy3y$)v<(zy§y1s) C(SXOX13X0X17),C(5X0X2XOX?)»<(SXOX;1X0X$3)
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Irreducible polyzetas

List of the irreducible polyzetas up to weight 12:

C(55,), S5 ): S5y ) S5y <<sx0x1),<<sX§X1> ) Cpa )
C(Xysyf),C(Zyg),C(Zyayz)xé():yﬂ) 4(5X0X12X0X;1) ¢(S, ), SX0X1 X0X$) €(3X30X1)
<(Z,V2,V19)’ C(z}/g}}/?)Y <(2y§y?) C(Sxox x0x17) C( x xox ) <(Sxoxfx0x$)

Let us now denote Z, to be the vector space generated by polyzetas
of weight n. The result also verify the Zagier's dimension conjecture.

en=2,dy =1,2 = span{((5y,)} = span{¢(Sxox)}
en=3,d3=1,2 = span{¢(5y,)} = span{c(sX§X1)}

en=4,d; = 1,7 = span{¢(Xy,)?} = span{¢(Sxyx; )2}

*n=5,05 = 2,2 = span{C(Tys). (T, )S(Fyg)} = $pan{((S,4., )s C(S10x)<(Syg, )}
en=6,ds = 2,2 = span{¢(%y,)°%, ¢(5y)?} = span{qsxon) f;(sxgx1 2}
en=7,d7 =3,% = span{{(Zy,), (Zyg)f(zys) (Zyg)ZC(Zm)} =

span{((S,g,. ). C(Sigxy (S, ): (S )2C(S,, 2,,)}

en=8,dg = 4,2 = span{¢(Ty,)*, ((Tyy)¢ (Zyﬁ), Ty )C(Tyg)2, (T
span{¢(Sxyx )*, (8,2, )6(Sa, )+ C(S10x)<(Syz, 2, C(5 02}
en=19,dy =57 = span{((Tyy), C(Ty,)*¢(Ty5): C(Ty,)C(Tyy ), C(Ep )% ¢ (B ), €(Epg)°Y =
span{<(S,g, ) <(Sxoxq )2<(3X3X1 ) <821 (S 5, )- (S )”c(sxgx1 )¢S, 2}
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