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Dynamic evaluation

Dynamic evaluation := automatic case distinction process...

@ Code re-usability:
E.g. Reusing codes made for fields over rings.

Gaussian elimination modulo prime p for Gaussian elimination modulo
composite m.
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Dynamic evaluation for modular Gaussian Elimination

@ pivoting (a): not only non-zero but also invertible

@ if any « is non-zero but non-invertible then
SPLIT the computation for modulo m; and my by gcd computation.
[m=m -my] & [m; and my are gcd-free]

[ is invertible modulo my | & [ is zero modulo mz]

o Gaussian elimination modulo m;

e Gaussian elimination modulo m;
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Dynamic evaluation for modular Gaussian Elimination

No more
invertible pivots

Modulo m, l \ Modulo m,
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Dynamic evaluation via exceptions 1/2

@ arithmetic Level exception: preventing zero divisors also

inline Integer invmod(const Integer& a, const Integer& m) {
Integer gcd,u,v;
ExtendedEuclideanAlgorithm (gcd ,u,v,a,m);
if (gcd != 1) throw ZmzInvByZero(gcd);
return v>07?7v:v=fm,;

¥
@ exception at split Location
try {
invpiv = zmz(1)/A[k][k];
{

} catch (ZmzInvByZero e)
throw GaussNonInvPivot(e.getGecd (), k, currentrank);
}
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Dynamic evaluation via exceptions 2/2

@ deal with split: recursive continuation

try { // in place modifications of Lower n—k part of matrix A
int rank = gaussrank (A, k);
cout << rank: << rank 4+ upperrank << modulo << m;
} catch (GaussNonInvPivot e) {
// recursive continuation modulo ml AND modulo m2
// at current step
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Programs with side effects 1/2

Side effect := the mismatch between syntax and semantics...

E.g. The exceptions effect:

Considering the exception thrower:

float function(int a) throw(Exception) { ... };

=> Syntactically;
function: int — float

= w.r.t. an interpretation (denotational semantics);

function: int — float + Exception
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Programs with side effects 2/2

E.g. The state effect:

Considering the state modifier:

class S {
float method (int a) { ... };

S t; t.method(10);

=> Syntactically;
method: int — float
= w.r.t. an interpretation (denotational semantics);

method: int X S — float X S
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Decorated Logic [Dominguez & Duval’'08]

tools for modeling computations with effects:

@ monads: [Moggi'91]

@ decorated logic: based on the framework by [Dominguez & Duval’'08]
> provides equivalence proofs among programs with effects
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Decorated Logic [Dominguez & Duval’'08]

tools for modeling computations with effects:

@ monads: [Moggi'91]

@ decorated logic: based on the framework by [Dominguez & Duval’'08]
> provides equivalence proofs among programs with effects

=> Equivalence proofs are aimed to be verified by Coqg.
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Decorated Llogic: exceptions 1/2

£fO . X = Y| pure
£f1) . X — Y | thrower/propagator
£f3® . X — Y| catcher
specify explain
the decoration A AW the decoration
f : X—=Y
f : X—=Y f : X—Y+E
f : X+E—>Y+E

= Ease of composition: exceptional behaviors are kept implicit.

Ie.,

Given £ :x —vand g : Yy - 7, (gof)® :x =z
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Decorated Logic: exceptions 2/2

@ strong equality (on ordinary and exceptional arguments) f = g
@ weak equality (on ordinary arguments only) f ~ g

f=g : X—Y
fr~g X—Y
specify explain
the decoration A N the decoration
— - f=g : X+E— Y+E
[(f=g @ X Y] foinly =goinly : X — Y+E

[inlx is the inclusion of X into X+E]

=> More precise equational proofs of programs: w.r.t. effects and ordinary cases.
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Core exceptional operations: tag/untag

tag, Py —0
untag, : 0 — Py

ordinary value exceptional value
(normal) (abrupt)

tagy

a — El}
untag

2 — El!

= throwing and catching exceptions := core operations + pattern matching.
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throwing & handling exceptions

=> Throwing an exception := tag; and some glue for the continuation.

1.
Y

0 1
—[]\(1) 1)

throwi otag, : Pt —>0—=>04Y=Y P —Y

= Exception handling := untag, with pattern matching.
Considering the handler gV : p, — Y :

(2)]

catch(t = g)@ := [id‘({o) | &) o untag; YH0O Y —> ¥
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try-catch block

=> try — catch block can be expressed by compositions of decorated terms:

For any £ : X — v :
try{f} catch(t = g)() :=

4 ([id\((o) | g® o untagiz)] ofM): X 5 Y¥Y40 XY oY

=> try bounds the scope of catch
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Decorated Logic: exceptions - rules

The given Logic is enriched with some number of rules:

@ Conversion rules

© ) (@) = g(a) (@) ~ gla)
L r’=g9 r 9 if max(d, d') < 1
F(1) f(2) fr~g f g

@ Equivalence rules

@ Rules on monadic equational Logic
@ Categorical coproduct rules

@ Observational properties: tag & untag

t: Excn t,r: Excn t r
(ax1) (ax2) z
ntan? o tag o g0 (0 @ 5 rar® o 119 5 rag®
g, ©Otag, ~~ idp, untag, ' O tag, ' ~ []p° O tag,
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Soundness of the inference system

Axioms/rules allow us to prove:

@ vropagator propagates: g o[\ =[]\
e annihilation untag-tag: tagil) Ountagff) = idg))

© anninilation catch-raise: try{f} catch(t = throw,y)!) = £()
e commutation untag-untag: given s # t
(untag,(f)—l-idio)) o untagg) = (idio)—l—untaggz)) o untagg)
e commutation catch-catch: given s # t
try{f} catch(t = g | s = h)() = try{f} catch(s =h | t = g))
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Coq in one slide

Coq:
@ proof assistant

@ strongly typed, purely functional programming language
» not Turing complete: non-termination avoided
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Coq in one slide

Coq:
@ proof assistant

@ strongly typed, purely functional programming language
» not Turing complete: non-termination avoided

= Underlying type theory: Calculus of Inductive Constructions (CIC) [Coquand et
al's9].

CIC:

@ extension to simply typed lambda calculus with

» polymorphism: terms depending on types
> type operators: types depending on types

» dependent types: types depending on terms
» inductive definitions

@ Type predicativity (hierarchy): to avoid Russell-like paradoxes.
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Coq formalization of exceptions 1/3

Every function f : X — Y becomes f : term Y X in decorated settings which is
inductively defined:

Inductive term: Type — Type — Type :=

comp: V {X Y Z: Type}, term X Y — term Y Z — term X Z
copair: V {X Y Z: Type}, term Z X — term Z Y — term Z (X+Y)
tpure: ¥V {X Y: Type}, (X = Y) — term Y X

tag: V t:Exn, term Empty_set (P t)

untag: V t:Exn, term (P t) Empty_set.
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Coq formalization of exceptions 2/3

and decorated as follows:

0

= pure

1 = propagator

2 = catcher

Inductive kind := pure | propagator | catcher. )

Inductive /s: kind — V X Y, term X Y — Prop :=

is_tpure: ¥V X Y (f: X = Y), is pure (@tpure X Y f)

is_.comp: ¥ k X Y Z (f: term X Y) (g: term Y Z),is K f — is k g —
is k (f o g)

is_copair: ¥V k X Y Z (f: term Z X) (g: term Z Y'), is k f — is k g —
is k (copair f g)

is_tag: V t, is propagator (tag t)

is_untag: V t, is catcher (untag t)

is_pure_propagator: ¥ X Y (f: term X Y), is pure f — is propagator f
is_propagator_catcher: ¥ X Y (f: term X Y), is propagator f — is catcher f. )
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Coq formalization of exceptions 3/3

rules are inductively defined, too:

Reserved Notation "x == y" (at Level 80).
Reserved Notation "x ~ y" (at Level 80).

Inductive strong: V X Y, relation (term X Y) =
| effect_rule: VX Y (f g: term Y X), fo[]l]==go[]=>f~g—>f==g

with weak: V X Y, relation (term X Y) =
| ax_-1: V t, untag t o tag t ~ id
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IMP-STATES-EXCEPTIONS: the Library

IMP+EXC is an imperative Language enriched with exceptions:
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https://forge.imag.fr/frs/download.php/583/IMP-STATES-EXCEPTIONS-0.2.tar.gz

IMP-STATES-EXCEPTIONS: the Library

IMP+EXC is an imperative Language enriched with exceptions:

IMP+EXC Syntax:

aexp: ai az

nlx|a+ax|a Xaz

bexp: by bo = tt|fflai=ax | ai#ax | a1 >ax | a1 < az |
b1 A by | b1V b2

cmd: ¢c1 ¢ = skip| x:=e|ci;c | if b then c1 else ¢z |

while b do c1 | throw exc | try c1 catch exc = 2
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IMP-STATES-EXCEPTIONS: the Library

IMP+EXC is an imperative Language enriched with exceptions:

IMP+EXC Syntax:

aexp: ai az

nlx|a+ax|a Xaz

bexp: by bo = tt|fflai=ax | ai#ax | a1 >ax | a1 < az |
b1 A by | b1V b2

cmd: ¢c1 ¢ = skip| x:=e|ci;c | if b then c1 else ¢z |

while b do c1 | throw exc | try c1 catch exc = 2

=> Operational semantics of IMP+EXC: IMP-STATES-EXCEPTIONS

(IMP-STATES-EXCEPTIONS)
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Verified programs
E.g.,

try(

while(tt) do (
if(x <= 0)

then(throw e)

else(x x - 1)

)
catch e => (y :=7) ;
y =45 ;

* This is FiFt of INP-STATES-ENCEPTIONS, it is distributed under the terms
i3 of the GHU Lesser General Public License version
- Esu file LICENSE for more details)

Copyright 2014: Jean-Guillaume Dumas, Domdrnique Duval

Require Inport Relations Narphisms
Require Tnpart Progran
Raquire Memory Terms Decorations Darived Tarms &
Derivad, e Palrs Darived.co Products Darived Rilss Proofs Conbinsd_Prasfs THP_ts 00
Sat Inplicit Arguments

Require Inport ZArith.
Open Scops Z_scops.

Modile Aok (Tmort W; Nemory.T).
WoduLe Expors INE_prosfsEes

WP_to_COQ. Make (M) .
Lenma ﬂ"’ o3, forall (x y: Loc), forallL (e: Ehame), x =y -2

e
TMMLE lnns(T terue
floc :: <= feonst 0))

Tt

e8RS e ) ser Ceanst 1)
ENDIF)
ENDWHILE)
CATCH & == iy : v
= lconst 4511}
ha &= (const 1)

¥ const 45},
Proof
intros, simgl. unfold TRY_CATCH. unfold throw
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Update y o constant {5

o (downcast

(eopair id ((update y o constant 7) o untag &) o iso_exc)
(copair

it
o (eapair lerpty o rag &)
. lopdace x o {5lus o pair (lookup x) (constare (1))
& o pair (lbokip x) (conseant 03))) 34 o > etrus) )
updste 1 o constont 231 o [update 1 o constant 11)
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Verified programs 2/2

prog_3= ( while(gl > 0) do(
var a, b, ¢, d, m ; q:=g/ gt

var r ; t u-qx*ul ; u:=mul; ul: H
var t, u, ul, q, g, gl ; t:=g-q*gl;g:=gl;gl: H
a:=2;b:=1;c:=3;d:=4;m:=6; )
if(a = 0) then( )
t:=aj;a:=b;b: B if not (g = 1) then throw e ;
t:=cj;c:=d;d: B else skip ;
) catch e => (
else skip ;
if(a = 0) then( =a;g:=m;
t:=a;a:=c; H
t :=b; b:=d; H
) i=ul ; ul :=t ;
else skip ; =gl ; gl :=t ;
if(a = 0) then(
if(b = 0) thenr := 0 ; )
elser :=1; d:=(d-ux*xcx*xb)%mn;
) if(d = 0) then r :=1 ;
else( elser := 2 ;
try( )
u:=0;ul :=1; gl :=a; g:=m; )
prog_4= (
var a, b, ¢, d, m ;
var r ;
var t, u, ul, q, g, gl ;
a:=2;ul :=3;q:=2;¢g:=1;
t:=0;gl:=0;c:=3; u: H
b:=1;m:=3;d:=1; r:=2;
).
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Verified programs 2/2

prog_3= ( while(gl > 0) do(
var a, b, ¢, d, m ; q: =g/ gl;
var r ; t u-qx*ul ; u:=mul; ul: H
var t, u, ul, q, g, gl ; t:=g-q*gl;g:=gl;gl: H
a:=2;b:=1;c:=3;d:=4;m:=6; )
if(a = 0) then( )
t:=aj;a:=b;b: H if not (g = 1) then throw e ;
t:=cj;c:=d;d: B else skip ;
) catch e => (
else skip ;
if(a = 0) then( =a;g:=m;
t:=a; a:=c; H

t :=b; b:=d;

) =ul ; ul :=t ;

else skip ; =gl ; gl =t ;
if(a = 0) then(
if(b = 0) then r := 0 ; )
elser :=1 ; d:=(d-ux*xcx*xb)%mn;
) if(d = 0) then r := 1 ;
else( elser := 2 ;
try( )
u:=0;ul :=1; gl :=a; g:=m; )
prog_4= ( Program calculating the rank of a (2x2)
var a, b, c, d, m ; matrix modulo composite numbers.
var r ; "
var t, u, ul, q, g, Consider:
a:=2;ul ;g =1 o /' is the integer division
t :=0; gl ;ou e H @ o )
b 1;m ;T %' is the modulo reduction
).
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self-evaluation 4+ open questions

+ aspect: having verified proofs of programs with effects

- aspect: not so good benchmarks
= different orders of magnitude to have better performances
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self-evaluation 4+ open questions

+ aspect: having verified proofs of programs with effects

- aspect: not so good benchmarks
= different orders of magnitude to have better performances

- aspect: proofs of real-valued programs (where all variables are initialized)

+ aspect: decorated logic w.r.t. weak equality corresponds to Hoare Logic (formal
system to reason about partial correctness of programs)
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So far & future work

So far:
@ A Coq library for the global states:
> with Hilbert-Post Completeness proof
@ A Cogq Llibrary for exceptions
@ A Cogq Llibrary for combined states and exceptions

@ IMP specifications:

> IMP-STATES
> IMP-STATES-EXCEPTIONS

@ ALL sources on http://cogeffects.forge.imag.fr
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So far & future work

So far:
@ A Coq library for the global states:
> with Hilbert-Post Completeness proof
@ A Cogq Llibrary for exceptions
@ A Cogq Llibrary for combined states and exceptions

@ IMP specifications:

> IMP-STATES
> IMP-STATES-EXCEPTIONS

@ ALL sources on http://cogeffects.forge.imag.fr

Future:
@ Hilbert-Post Completeness proof for exceptions
@ systematic way to compose effects + generalization
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The end!

Many thanks for your kind attention!

Questions?
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