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@ The values of { at negative integers, by analytic prolongation.

C(styessr) = Y, 1

S1 Sr*
ni>...>n>0 ny...ny

(1)

Symbols
e Y : the infinite alphabet {y;},,; equipped with the order y; > y> > ...,
@ Y : the set of words over Y .
@ One constructs a map 1 -1 between Y* and U,en(N4 )", namely
W = Ye...Ys, <> (S1y.0ey Sr).
@ X ={xp < x1} : the finite alphabet,
@ X™: the set of words over X.
@ X* and Uuen(N)” be a morphism 1 -1 defines by

s1—1 s—1
X' X1 Xy X1 > (81, Sr)-
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E—
1. Harmonic sums

@ Let re Ny, and for all sy,...,s, € N, one defines the harmonic sums
by the formula

H;slysz...ys,(N): > nit..ny YN eN,. (2)
N>ni>...>n,>0
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1. Harmonic sums

@ Let re Ny, and for all sy,...,s, € N, one defines the harmonic sums
by the formula

H;sl}/s2~~~}’sr(N): > nit..ny YN eN,. (2)
N>ni>...>n,>0

@ The Bernoulli numbers are a sequence of real numbers, defined by the
following formula

- - (3)
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1. Harmonic sums

@ Let re Ny, and for all sy,...,s, € N, one defines the harmonic sums
by the formula
Hy, yeyooys (N) = > nit..ny YN eN,. (2)
N>ni>...>n,>0

@ The Bernoulli numbers are a sequence of real numbers, defined by the
following formula

X > B,x"
= . 3
ex-1 n;) n! (3)

@ When r =1, for s > 1, one has

_ 1 & 51+1) si+lon
H, (N)= Bp, (N+1)>777, 4
W= 2 (%) ) @

for any N e N,.
] JINCF 2014 Marseille, 04/11/2014 3 / 27
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1. Harmonic sums
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1. Harmonic sums

Proposition.

Let w = yq ys, € Y7, then

H,, (N) =

i p—1-k1 p—ki—kz Bk1 Bk2 (52 aF 1)([) = kl)(p = kl - k2)/Vk3
K0 k=0 koo (2+1)(p—ki)\ ki ka k3

where p=(w) +|w| and N e N* .
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1. Harmonic sums

Proposition.

Let w = yq ys, € Y7, then

H,, (N) =

i p—1-k1 p—ki—kz Bk1 Bk2 (52 TF 1)([) = kl)(p = kl — kz)Nk3
K0 k=0 koo (2+1)(p—ki)\ ki ka k3

where p=(w) +|w| and N e N* .

@ For example,

_ 1

H,,(N) = %N(N—1)(2N+1)(2N—1)(5N+6)(N+1),

_ 1

Hy,y (N) = %N(N—l)(N+1)(30N4+35N3—33N2—35N+2),
_ N(N - 1)(N +1)(63N° + 72N* — 133N3 — 138N? + 49N -
HYQ}/4(N) =

2520
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E—
1.Harmonic sums

For any w = ys ys,...ys, € Y™, then H,,(N) is a polynomial of degree
(w) + |w| of N.
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E—
1.Harmonic sums

For any w = ys ys,...ys, € Y™, then H,,(N) is a polynomial of degree
(w) + |w| of N.

@ Hence, there is a non-zero constant, namely C,,, which only depends
to w and r such that, when N — oo

H,, (N) ~ NCM ey, (5)

O H ()
W, N e b (6)
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E—
1.Harmonic sums

Proposition

1

w=uv;v#lys (V) + |V| .
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1.Harmonic sums

Proposition
1
(7)

C = —_—
w
w=uv;v#lys (V) + |V|
w Cn
I
ya 5
1
Y10 i1
i
Y2y1 8
2 1
Y2 ?
| Y2yio 143
2 1
SO
Y2 1944
4 I
)’2 2 y202 13471920
Y2Y3Yo | 137440
Marseille, 04/11/2014 6 /27
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E—
1.Harmonic sums

Proposition

For all wy = ys,...ys,i W2 = yi,...y¢, € Y then

Ho (N)Hy (N) = Hiyy i, (N)- (8)
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E—
1.Harmonic sums

Proposition

For all wy = ys,...ys,i W2 = yi,...y¢, € Y then

Ho (N)Hy (N) = Hiyy i, (N)- (8)

@ For example, we have that

I

M=
>
3>

M=
3
©

H,, (N)H,, (N)

N N
knlm E Z + Z km+n

= }’n)’m(N)+ }’m}’n(N)+ }’m+n(N) (]‘]‘)

. INGF 2014 Erelle, U 5



E—
1.Harmonic sums

Note that w = ys,...ys, = C,, can not be extended linearly on Q(Y). To
see this, we take the example

1 _
5 - C}’2‘1|)’2 = Cy4+2y2 * C + C2

Gl =
O~
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E—
1.Harmonic sums

Note that w = ys,...ys, = C,, can not be extended linearly on Q(Y). To
see this, we take the example

1 _ _
5 - C}’2‘1|)’2 = Cy4+2y C + C2

Gl =
O~

e From w =y, ...ys, = H,(N) is linear. And so, if we put
Hp = Q ({w e Y*|[(w) +|w] = p}) = Q. (Gp),
then the function C~ such that C~((w)) = C,, is linear on #,, for
any peN.
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1.Harmonic sums

Proposition
Let d, = cardG,, for all p<0. Then we have

1 < p=0
dp, =10 <p=1 (13)
Foro < p>2

where Fj,_ is the (p —2) — th Fibonacci's number.

Example.
p| Gp | cardG, | p Gp cardGp
0] 1y« 1 4 V3, yl2 2
1| @ 0 5 Ya, Y2Y1, Y1Y2 3
2|y 1 |6 Y5, Y3Y1, Y3, Y1Y3, V7 5
3| » 1 [ 7] ve,vay1,yay2, voy3, yoyi, yiva, yiveyr, yiye | 8
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1.Harmonic sums

Lemma

a(uv) =a(u)+a(v) :

Let o: Y* — N such that
a(l) =0
1
DO L R
weY* 1- Z ta(y)y
yeY

hen

(14)

@ Proof of proposition.

We see that I, : Y* — N such that

l.(w) = (w) +|w/|, then /. satisfies the above lemma. And so we have

1 1
I S S e
p>0 weG, weY'* 1- 3 thOoy,  1- 3 tstlys
s>1 s>1
s—= 1y 1 1 1-t
i e 7 = 5 =1+ Fpt™2
1_§1t -1 l-t-t n0
P

JNCF 2014

Marseille, 04/11/2014 10 / 27



E—
1.Harmonic sums

o Let P= Y auw, with oy, € Q, One classically defines its support as
weY'*

supp(P) ={w € Y*|a,, # 0}.
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1.Harmonic sums
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weY'*

supp(P) ={w € Y*|a,, # 0}.
@ For PeQ.(Y),ie, P= Y ayw,ay, €Qy,

weY*
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E—
1.Harmonic sums

o Let P= Y auw, with oy, € Q, One classically defines its support as
weY'*
supp(P) ={w € Y*|a,, # 0}.
@ For PeQ.(Y),ie, P= Y auw,ay €Q,, we define
weY*
Cp=> acC (15)

ceJ

where J = {v € supp(P)|(v) +|v| = max{(u) + |u||u € supp(P)}}.

Let any T € Q. (Y), let my = max{(u) + |u||u € supp(T)}. Then
Hp(N) ~ CoN™ | Hg(N) ~ CoN™
Hpug(N) ~ CpCQN™=e
CI;mQ = CECC_\?;

for any P, Q € Q. (Y).
o
I JINCF 2014 Marseille, 04/11/2014 11 / 27
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2. Polylogarithms

@ One defines the polylogarithm for r > 1,sy,...,s, e N* and |z| <1 by
the following formula

Li;gl*lxl...xg"lxl(z) = Lis_l,...,s,(z) = Z nit..n¥z". (16)

ni>ny>..>n>0

. INCF 2014 T



-
2. Polylogarithms

@ One defines the polylogarithm for r > 1,sy,...,s, e N* and |z| <1 by
the following formula

Li;gl*lxl...xg"lxl(z) = Lis_l,...,s,(z) = Z nit..n¥z". (16)

ni>ny>..>n>0

@ One notes that

Ligz)= ¥ 2"1:( z ) (17)

ny>...>n>0
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-
2. Polylogarithms

@ One defines the polylogarithm for r > 1,sy,...,s, e N* and |z| <1 by
the following formula

Li;gl*lxl...xg"lxl(z) = Lis_l,...,s,(z) = Z nit..n¥z". (16)

ni>ny>..>n>0

@ One notes that

Ligz)= ¥ znlz(lfz)r. (17)

ny>...>n>0

2

For example, when r =2, we have Li,(z) = Y ZMm= 2—2
0 n1>n2>0 (]' - Z)

. INGF 2014 T
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2. Polylogarithms

Proposition
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2. Polylogarithms

Proposition

Li):sl—lxl Xsr—lxl (Z) N
A . Xg 5 _
11— > Hys1 ye (N)z (18)
@ For example, one has
1 — 1 — n_k
:leg‘lxl(z) = 1-~7 kZ:;Lk Z, (19)
= Zzl > K zK, (20)
1=0 k=1
= Sk Yk L Y kT (21)
k=1 k=1 k=1
= z+(1"+2M22+(1"+2"+3") 2+, (22)
- N
= /\/Zo H,, (N)z". (23)
>
] JINCF 2014 Marseille, 04/11/2014 13 / 27



-
2. Polylogarithms

@ Let ne N*, one defines the Euler polynomials by

n-1
An(z) = Z An,kzk7 (24)
k=0
where A, i is the Eulerian number which is defined by
n+1 n
nk-z< ("7 )1y (25)
Note that Ap(z) = 1.
’ An(2)
zAn(z
LIXS 1X1(Z) = m’ (26)
for all n.
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2. Polylogarithms

@ Let ne N*, one defines the Euler polynomials by

n-1
An(z) = Z An,kzk7 (24)
k=0
where A, i is the Eulerian number which is defined by
n+1 n
nk-z< ("7 )1y (25)
Note that Ap(z) = 1.
’ An(2)
ZAq(z
LIXS 1X1(Z) = m’ (26)
for all n. .
@ Hence, for any ne N, Li;n_lxl(z) is a polynomial of . of degree
’ _

n+1 over Q.
] JINCF 2014 Marseille, 04/11/2014 14 / 27
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2. Polylogarithms

Lig(z) = —ﬁ;ﬁ. (27)
. 1 3 2
Liy,(2) = o 1-27 + TS (28)
.~ 1 7 12 20
L'x§><1(z) = T5* 127 (-2 + - (29)
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-
2. Polylogarithms

o
Li(z) = —1iz +ﬁ-
Ligx(2) = 1iz - (1_32)2 * (1_22)3‘
Li;gxl(z) = iz * (1_72)2 - (1i22)3 " (1 302)4'
@ Moreover,
Liggr,, (2) = '§§And(1+l)( 1)" W
k=0 j=0

JNCF 2014

Marseille, 04/11/2014
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-
2. Polylogarithms

Let 11 = [ ﬁ;@g = z% be operators . For any si,..,s, and r e N,

o= 1 Sr—1+1 —
legl,lxl g,_l)q(z) = (19(5)1+ L]_) (00 L Ll) L'xg”lxl(z)' (31)

Theorem

\

For any w = xgl_lxl...xg'flxl e X*and reN, Li,(z) is a polynomials of

1
of degree (w) +|w|.
- Z

. INCF 2014 e N VAL b LR T o
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2. Polylogarithms

For example,

Li, 1Ly - 1X1(Z) = (emﬂbl) (Liin(2)),

and so
Rty k+1 1 m 1
- I(Z%)Jz(:) An- 1J( )( 1)J [90 ( _Z)n+1—j _60 (1 _Z)n—j
where,
I"ZI“ S(U)
95(( ) Z( )k_J (1 J+Z)5+J (32)

with /¥ = {(il_, ij)|i,_5 >0,Vt=1,...ji Dt = k}, and
s(it,..,ij) =s"(s+1)2..(s+j-1)%, for any s e N,.
] JINCF 2014 Marseille, 04/11/2014 17 / 27



-
2. Polylogarithms

Hence, there is a constant B, such that

AR IO
z—>1" B;v

Proposition

For any w = xgl_lxl...ng_lxl e X* and r > 2, then

r I:s,k+1+k-1

B,=As()TI| I (s,+...+s,_k+2+i)]. (34)
k=2

i=k

. INCF 2014 T
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2. Polylogarithms

Hence, there is a constant B, such that

AR IO
z—>1" B;v

Proposition

For any w = xgl_lxl...ng_lxl e X* and r > 2, then

r I:s,k+1+k-1

B,=As()TI| I (s,+...+s,_k+2+i)]. (34)
k=2

i=k

o For example, for r =1, one has B, ., = A, (1).
Xy X1
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2. Polylogarithms

Hence, there is a constant B, such that

AR IO
z—>1" B;v

Proposition

For any w = xgl_lxl...ng_lxl e X* and r > 2, then

r I:s,k+1+k-1

B,=As()TI| I (s,+...+s,_k+2+i)]. (34)
k=2

i=k

o For example, for r =1, one has B, ., = A, (1).
Xy X1

@ And for r =2, one has
B~ 52_1X1 = [A(SQ)(].)] (51+2)(51 +3)....(51 +52+1)7 (35)
0

Xgl_lxlx
for all s;,sp € N,

S INCF 2014 T



|
3. Morphism algebras

Proposition

The map H™ from (C(Y),®) to (C{H,} ey, ,-) such that H(w) = H,,
for w € Y* is a morphism of algebras.

Ll (z)

=Y H, ~(N)zZV, then
N0

Now, for any w e Y*, let P, (z) :== ———=

Proposition

The map P~ from (C(Y),u) to (C{Py},.y. ,®) such that P~(w) = P,
for any w € Y* is a morphism of algebras.

. INCF 2014 T VR BL ET o



|
4. An example of values of zeta function at non-positive

Integers

@ Let s1,50,53,54 € Z_, one denotes that

(strs) = Y L

ksl kS4' (36)
O<ki<kpo<ksz<kqs ™1 "4

. INCF 2014 Nereeill, O 2



|
4. An example of values of zeta function at non-positive

Integers

@ Let s1,50,53,54 € Z_, one denotes that

1

C(s1y.mey50) = > PEWE (36)
O<ki<kp<ks<ky "1 === 74
@ We can write again to the forme
()= 3 3 3 Y 1 .
1120 1920 my=0 ma=0 (L + m1)SLo (44 my + ...+ mg)s
(37)

. INGF 2014 Nereeill, O 2
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4. An example of values of zeta function at non-positive

Integers

e Put that a=(1,2,3,4), b= , s=(s1,%,53,54) and

e
e =)
= = O O
= O O O

B={(1,1),(2,1),(2,2),(3,1),(3,2),(3,3),(4,1),(4,2),(4,3), (1(1,4;}
38

. INCF 2014 T YR B Gl o
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4. An example of values of zeta function at non-positive

Integers

1 000
1100
e Put that a=(1,2,3,4), b= 111 0l5° (s1,52,53,54) and
1111
B=1{(1,1),(2,1),(2,2),(3,1),(3,2),(3,3),(4,1),(4,2),(4,3),(4,4)} .
(38)
o Now, let G4 be the symmetric group of 4 elements. For each of
w € Gg, we set
Bw = {(w(n),r)|(n,r) e B} (39)
and
Vw,r =max{n|(n,r) € By}; Ly = {vw |re{l,2,3,4}}. (40)
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4. An example of values of zeta function at non-positive

Integers
@ On the set {1,2,3,4}, Let >, be an order relation for any w € Gg,

one defines > by

m>,n < w(m)>, w(n). (41)

. INCF 2014 Nereeill, S 23



|
4. An example of values of zeta function at non-positive

Integers
@ On the set {1,2,3,4}, Let >, be an order relation for any w € Gg,
one defines > by

m>,n < w(m)>, w(n). (41)

@ Put that

Dy = {(y1, -, ya) € (0,00)* [m >3, m% 0= ym>ya}. (42)
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4. An example of values of zeta function at non-positive

Integers
@ On the set {1,2,3,4}, Let >, be an order relation for any w € Gg,
one defines > by

m>,n < w(m)>, w(n). (41)

@ Put that

Dy = {(y1, -, ya) € (0,00)* [m >3, m% 0= ym>ya}. (42)

o For wi,ws € Gy, we say wy ~ ws iff Dy, = Dy,.

. INCF 2014 Nereeill, S 23
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4. An example of values of zeta function at non-positive

Integers

@ On the set {1,2,3,4}, Let >, be an order relation for any w € Gg,
one defines > by

m>,n < w(m)>, w(n). (41)

@ Put that

Dy = {(y1, -, ya) € (0,00)* [m >3, m% 0= ym>ya}. (42)

o For wi,ws € Gy, we say wy ~ ws iff Dy, = Dy,.
Then ~ is an equivalent relation on Gy.

. INGF 2014 Nereeill, S 23



4. An example of values of zeta function at non-positive

Integers

@ Forany we[Gy]=G/~and r,n,meN,

Nw,r = W_l(VW,r)v (43)

Kwn = Hrl<r<d:zn>y nw il (44)

Yw,m = H Oén,VOé: (ala"'aa4) E(C‘l' (45)
n>ym

. INCF 2014 Nereeill LG



4. An example of values of zeta function at non-positive
Integers

@ Forany we [G4] =G/ ~and r,n,meN,

Nw,r = W_l(VW,r)v (43)

Kwn = Hrl<r<d:zn>y nw il (44)

Yw,m = H Oén,VOé: (ala"'aa4) E(C‘l' (45)
n>ym

@ Defines
tw’l—l Oétw’4_1

. B oy Oy
Gw(th a) - (eyw,1+..-}/w,4 - 1)...(eyW*4 - 1) ' (46)

where t,, , = Kw,n + 1, then

. INCF 2014 Nereeill LG
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4. An example of values of zeta function at non-positive

Integers

@ Forany we [G4] =G/ ~and r,n,meN,

Nw,r
Rw,n

Yw,m

@ Defines

Gy (ty; ) =

W_I(VWJ)v

{rll<r<d4:n>y nuw,}.
H anp, Va=(ag,...,aq) € c*.

*
n>;,m

a;w,l_l -O[ZWA_]-
(eyw,1+---}/W,4 — 1)”.(eyw,4 —_ 1) :

where t,, , = Kw,n + 1, then
@ One defines the multiple Bernoulli numbers by

o0

Gu(tw;a) =), .

k1=0

1
k4:o k]_'...k4,|

o Bw(k) g

JNCF 2014

Al k= (k. k).

Marseille, 04/11/2014
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4. An example of values of zeta function at non-positive
Integers

@ By Y.Komori, one has

w

C(:/D) — (_1)u1+...+u4ul|. Uy B (k)

Zwl) 48
where kn = kwn+ Y Uy for any ue N* and w e [G4].
n>%m
@ Moreover,
((-u) = - 49
(7)W§()ﬂ2xm (49)
n> m

where x € N*,
o Let >, be the weakest order relation (in Y. Komori), we has

[Ga] = {id;(34),(234),(24),(243),(1234),(124),(1243),(134), }
u {(1324),(13)(24),(143),(1432),(142),(1423),(14)(23)}
] JINCF 2014 Marseille, 04/11/2014 24 / 27
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4. An example of values of zeta function at non-positive

Integers

o Take >, is the weakest order relation then we have that id € [G4].
o If w=id then By = B =
{(1,1),(2,1),(2,2),(3,1),(3,2),(3,3),(4,1),(4,2),(4,3), (4, 4)},
and so Vid = (4,4,4,4); Nid = (4,4,4,4); Rijd = (0,0,0,4);
Yid = (0104, 000, 030, ).

@ And so
ag
G,d(O{) = (ea4(1+a1+o¢2+o¢3) _ 1)(ea4(1+a2+a3) _ 1)(ea4(1+a3) _ 1)(6044 _ 1)
(50)
id
—_——
e Hence, Bj4(0,0,0,4) = 21, and so ¢(0,0,0,0) = 221

. INGF 2014 Nereeill, O 25



E—
Conclusions

© We proved that H . (N) is a polynomial of degree s; + ... + s, +r
of N and we give the explicit formula to compute the constants

C;sl,...,ys, such that
Cc- NJSLH-tSetr
lim ysl’ ks - 1. (51)
N=oco }’sla 7}’sr( )
@ We prove also that Li™; | - (z) is a polynomial of degree
X3 TIXL X
s1+...+s +rof (1-2)"!and we give the explicit formula to

compute the constants B~ such that

51 1 sp—1
Xgo  X1eXy' X1

- —(S1+...45-+r
B s1-1 sp—1 (1 —Z) (o )
X X" X

lim o % -1. 52
ZL]i Li_sl,l Ssr— 1 (Z) ( )
X0 7X0 X1

@ We give the shuffle structure for harmonic sums.
@ We compute an example about the values of multiple zeta at negative

H H PR AR gy



Thank you very much!

. INGF 2014 Nereeill, S 2D



