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Motivation 3/32

Ubiquity of algebraic functions (combinatorics, number theory)

Confluence of several domains:
— functional equations
— automatic sequences

— complexity theory

One of the most difficult questions in modular
computations is the complexity of computations
mod p for a large prime p of coefficients in the
expansion of an algebraic function.

D. Chudnovsky & G. Chudnovsky, 1990
Computer Algebra in the Service of
Mathematical Physics and Number Theory



Problem and main result 4/32

Input:
— field K of characteristic p
— f(z) € K[[z]] solution of E(x, f(z)) = 0 with E(z,y) € K[z, y],
f(0)=0
N € Nzo
Output:
— the Nth coefficient from the series f(z)



Problem and main result 4/32

Input:
— field K of characteristic p
— f(z) € K[[z]] solution of E(x, f(z)) = 0 with E(z,y) € K[z, y],
f(0)=0
N € Nzo
Output:
— the Nth coefficient from the series f(z)

Main result:

— arithmetic complexity linear in log N and almost linear in p



First N coefficients 5/32

Method char. 0 | char. p
Undetermined coefficients | O(N9) v
Fixed point iteration O(N?) v
Newton iteration O(N) v
Linear recurrence O(N) v

*
with p-adic computations

Kung + Traub, 1976
All algebraic functions can be
computed fast

FFT used all along: multiplication cost for series at order N is O(N)



First N coefficients

5/32

Method char. 0 | char. p
Undetermined coefficients | O(N9) v
Fixed point iteration O(N?) v
Newton iteration O(N) v
Linear recurrence O(N) v

*
with p-adic computations

not appropriate
for one coefficient

FFT used all along: multiplication cost for series at order N is O(N)
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Nth coefficient via shift operator 7/32

flz) = Z frna" shift Sfn = fur1

- 5fa) = 1 T0)
vector

\f(l') :f0+f1$+f2x2+f3$3+...

Sf(x) = fi+ fox + fsz® + faz® + -+
SQf(fU):f2+f31‘+f4x2—|—f5x3+...

NHOAPHODOTO

SNf(‘T) = fN +fN+1$+fN+2.T2 + ...

linear form

SN f(0) %



Shift operator and rational series 8/32

fa) =Gt b0 =1



Shift operator and rational series 8/32

f) =22 po) =1

_ 1+ a3
1 —x— 222 — 323 — 4zt — 52d
142z +4a2? + 423 4 5ot
1 —x— 222 — 323 —dat — 52d
2 3 4
S*f(@) = 5 —3;—62;7—‘%3;; %4;15—%5955 §°f(0) =3
_9+135L‘+18m2+17x3+15$4
1 —x— 222 — 323 —4at — 5ad

=1+ +32% +92° + - -

f(z)

Sf(x) Sf0)=1

S f(x) S3£(0) =9



Shift operator and rational series 8/32

(@) 142 1+ 4 32 + 92° +
T) = = T+ 3x x4
1—2— 222 — 323 — 424 — 5ad
14+ 2z + 42?2 + 423 + 5t
Sf(z) Sf0)=1

T 12— 222 — 353 — Azt — Bgd
3+ 6z + 7z + 923 + 5t

2 _ 2 _

Sf(m>_1—:17—2a:2—3a;3—4w4—5w5 §°1(0) =3

_ 9+ 13z + 1822 + 1723 + 15z*

1—a— 222 — 323 — 424 — 525

S*f () S3£(0) =9

pseudo-shift operator T’ Syl =p1T

K[z]<q, stable by T' finite dimension d,



Rational series and linear representation 9/32

L=[100 0 0]

m/ (1100 0] 1
Linear for
2 01 00 0
=13 0010 C=10
basis: (1,z,2% 27, %) 4000 1 1
Action/ i 5 0 0 0 0 | i 0 |
t
L I
1 natos
71 = Sl _ m Coordinates
b b x

_ 3
_1+2m+3x2+4x3+5x4 a(z) =1+x

b




Rational series and binary powering 10/32

fn=5Nf0) o fy=LANC

Binary powering example: N = 1234

A1234 — A2 % A16 % A64 % A128 % A1024

Miller + Brown, 1966,
An algorithm for evaluation of
remote terms in a linear recur-

arithmetic complexity O(logy N)

rence sequence



Rational series 11/32

shift operator to express fy

space of polynomials with pseudo-shift

finite dimensional space — linear representation

binary powering — good arithmetic complexity



Rational series 11/32

shift operator to express fy

space of polynomials with pseudo-shift

finite dimensional space — linear representation

binary powering — good arithmetic complexity

To come: mimicking this approach in the algebraic case
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State of the art 13/32

Method char. 0 char. p
Baby steps — Giant steps | O(v/N) + O(1) v*
Divide and Conquer X O(log, N) + O(p?)

*
with p-adic computations

Baby steps — Giant steps after precomputing

algebraic equation — differential equation — linear recurrence

Chudnovsky + Chudnovsky, 1988
Approximations and complex multi-
plication according to Ramanujan



State of the art 13/32

Method char. 0 char. p
Baby steps — Giant steps | O(v/N) + O(1) v*
Divide and Conquer X O(log, N) + O(p?)

*
with p-adic computations

Baby steps — Giant steps after precomputing

algebraic equation — differential equation — linear recurrence

Divide and Conquer after precomputing

algebraic equation — Mahler equation — DAC recurrence

Christol + Kamae

+ Mendés France + Rauzy, 1980,
Suites algébriques, automates et
substitutions



From algebraic equation to Mahler equation 14/32

Algebraic equation y = 2z + 5xy + day® + zy?

3 9 27 p=3
y vy Y Y
1 o 1 14222423 14202 4234225420428 429424114512
x3 212
y | 1tz 1+a+222 42324 14z+202 403 40%422542264207 42842942104 22114 5124 513
= P 213
2 o 9 5 1+z+222 a3 242z+z2 4223 42224 4+ 2% 4204274228 4229 42210 4 411 4 9,12
Yy 23 212
Mabhler equation co(w) = (222 + 223 + 2*)

co(z)f ()
+ (1+ 22+ 203 + 22 + 25 + 2.%'6) f(z®)
+(2+ 223 4 225 + 2% + 2$9) f@®) +22f(2*) =0

Frobenius f(z)P = f(aP) (a+bP =a” + v’



From Mahler equation to DAC recurrence 15/32

Algebraic equation y = 2z + 5xy + day® + zy?

Mabhler equation co(w) = (222 + 223 + z*)
co(z)f(z)
+ (1427 + 22% + 22% + 2° + 229) f(2%)
+ (24 22% 4 22° 4+ 2° + 227) f(2°) + 27 F(2*") =0

Divide-and-conquer recurrence
2fn—2 + 2fn—3 + fn—4
+fo+ fo24+2fn-3+2fna+ fos +2fns
3 3 3 3 3 3

+2fn +2fn-s3 +2fn-s + frn6 +2fn-9+ fn9o =0
9 9 9 9 9 27

fo=0if 2 & Ny



Unrolling of the DAC recurrence 16/32

Divide-and-conquer recurrence p=3
2fn—2 + 2fn—3 + fn—4
+fﬂ+fﬁ+2f@+2fﬂ+f@+2fﬂ
3 3 3 3 3 3
+2fn 4+ 2fns +2fns + frno +2fn-0 4 fno =0
9 9 9 9 27
N =100

100



Unrolling of the DAC recurrence 16/32

Divide-and-conquer recurrence p=3
2fn—2 + 2fn—3 + fn—4
+fo+ fo2 +2fns +2fna + fos +2fns
3 3 3 3 3 3

+ Qf% + 2fn73 + 2fn75 + fn76 + 2fn79 + fn79 - 0
9 9 9 9 27
N =100

100 99 98
34 33 32
11



Unrolling of the DAC recurrence 16/32

Divide-and-conquer recurrence p=3
2fn—2 + 2fn—3 + fn—4
+fo+ fo2 +2fns +2fna + fos +2fns
3 3 3 3 3 3

+ Qf% + 2fn73 + 2fn75 + fn76 + 2fn79 + fn79 - 0
9 9 9 9 27
N =100

100 99 98 97 96
34 33 32 31 30
12 11 10 9

4 3 1



Unrolling of the DAC recurrence 16/32

Divide-and-conquer recurrence p=3
2fn—2 + 2fn—3 + fn—4
+fo+ fo2 +2fns +2fna + fos +2fns
3 3 3 3 3 3

+ 2f% + 2fn73 + 2fn75 + fn76 + 2fn79 + fn79 - 0
9 9 9 9 27
N =100

100 99 98 97 96 95 94
34 33 32 31 30 29 28
12 11 10 9 8 7

4 3 2 1 0
arithmetic complexity O(N) for fy



Workaround 17/32

Change of unknowns f(z) = ¢o(z)g(z) yields

g(x) = (@® + 23 + 27 + 2% + 2% 4+ 21 g(2?)
+ (22 + 22" + 21 4 2219 + 227 + 22! 4 27?4 227

+ 2x26 _1_1,28 + 221?30 —|—.1‘31 + 21’32 —|—J}33 + 2.21?35 + 21,36 —|—£L‘37) g(xQ)
+ ($59 —|—l’60 —|—2$61 +2£E62 —|—2l’63 _|_x64 +2$65 +2$66 —|—:L'67 —|—2$71

+ 26 42 2™ 4 2™ 42270 4 27T 4 2T 4 22T 4 283 4 ™

+ 2$85 + 1’89 + 1_90 + 2.%'91 + 23392 + 23;,93 + .%'94 + 2x95 + 21,96
+ .’L‘97 + 21,101 + 2$102 + 3:103 + .1‘104 + xlOS + 2$106 + 33107
+ xlOS + 21:109) g(l‘27)



Workaround 17/32
Change of unknowns f, = 2g,—2 + 29n—3 + gn—4a
gn =9gn=2 +gn=3 + gn-71 + gn-8 + gn-9 + gn-10
3 3 3 3 3 3
+2gn-14 + 2gn-15 + gn-16 + 2gn-19 + 2gn-20 + -+ + gn-s7
9 9 9 9 9 9
N =100 + gn=59 + gn=60 + + -+ + 2gn-100
27 27 27

98 97 96



Workaround 17/32
Change of unknowns f, = 2g,—2 + 29n—3 + gn—4a
gn =9gn=2 +gn=3 + gn-71 + gn-8 + gn-9 + gn-10
3 3 3 3 3 3
+2gn-—14 +2gn-15 + gn-16 + 2gn-—19 + 2gn-—20 + -+ + gn-37
9 9 9 9 9 9
N =100 + gn=59 + gn-60 + "+29n—109
27 27 27
98 97 96

32 31 30 29



Workaround 17/32
Change of unknowns f, = 2g,—2 + 29n—3 + gn—4a
gn =¢gn=2 + gn=3 + gn=7 + gn-8 + gn-9 + gn-10
3 3 3 3 3 3
+ 2¢gn-14 + 2gn-15 + gn-16 + 2gn-19 + 2gn-20 + -+ - + gn-37
9 9 9 9 9 9
N =100 + gn=59 + gn-60 + "+29n—109
27 27 27
98 97 96

32 31 30 29
0 9 8 7

2 1 0
arithmetic complexity O(log, N) for fy
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Nth coefficient via section operators 19/32

Section operators

Sy Zunx" = Zupk+rxk, 0<r<p
n>0 k>0



Nth coefficient via section operators 19/32

Section operators

Sy Zunx" = Zupk+rxk, 0<r<p
n>0 k>0

f(@) = fo+ fiz + fox?® + fax + faz* 4+ -
Sof(z) = fo + for + fax? + foz® + feaxt +... P =2
Sif(x) = fi + faz + fsx? + frad + foxd + -

linear operators Sy(g(x)xh(z?)) = (Srg(z)) x h(z)



Nth coefficient via section operators 19/32

100000 =5 x 16807 +6 x 2401 +4 x 343 +3 x494+5x7+5x 1
= (5>674737575)7

f
S5f €T
S5S5f x

(x) = fo+ fix + foxr® + faa® + faxt + fsad + -
(z)
(z)
535595 f ()
(z)
(x)
(z)
(0) =

f5 + fiom + fro2® + foex® 4+ fazx + faox® +---

fa0 + feox + fi3s®? + figrx® + fozex + fogsa® + -

fis7 + fsz0m + farsx® + fi2162° + fissort + fio022® + -
54538585 f(x) = fiss0 + faoso + fezer2> + fereax® + fiiie3z® + - -

5654935555 f (v fis065 + faorrat + faosror® + feesser> + fagroaz? + -

558654535555 f (%) = fro0000 + fo17649% + f3352087° + fas20a72” + -
555654535555 f(0

X

flOOOOO



Nth coefficient via section operators 19/32

fo+ fiz + for® + f32® + faat + fsa® + -

vector — f(x

)
o__— S5 f(x) = f5 + fr2z + fro2® + fagz® + fasz* + faox® + -
[e)/ S5S5f(x) = fa0 + feox + fizsx® + figrx® + fozex™ + fosgsz® +---
T
%4’ 35555 f(x) = figr + fs307 + fs732? + fi2167> + fissox® + fioooa® + -+
N\ 515939595 f(x) = fis59 + faoe0T + foze17% + fareax® + frireaz® + - -
§ 5651535555 f(x) = fisoes + faorra® + faosrox® + feeasex® + fazrona? + - -
55651935555 f(2) = f100000 + f217649T + fazs2087> + fasooar®® + -
)=

555654935555 f(0) = f100000

linear form



Diagonal 20/32

E(x, f(z)) =0  E(z,y) € K[z,y]
i}
f(z) =DF(z,y)  F(z,y) € K(z,y)

Furstenberg, 1967,
Algebraic functions over
finite fields

Christol, 1974,
Eléments algébriques



Diagonal

20,32

E(z, f(z)) =0
0

f(x) = DF(z,y)

E(x,y) € K[z, y]

F(z,y) € K(z,y)

Ey(07 0) 7é 0

r _ 2Ey(37yay)
o = )

E(z,y) =2z + (5x — 1) y + 4ay? + xy3

Fla,y) = y(1 — bzy — S8xy? — 3zy?)
Y 1 - 22 — bay — 4xy? — a3

Furstenberg, 1967,
Algebraic functions over

finite fields

Christol, 1974,
Eléments algébriques



Diagonal 20/32

f(z) =22 + 322 4+ 32% + 2% + 62° + 525 + 627 +32% + 2% + 4210 4 2™ £ 5215 4 ...

p=7
F(z,y) =

Y +20y  +42?y  +a2%y  +2ety 40y 420 +20Ty 4428y 4% + 2210y
+32%25% 450852 +aty? 45052 420592 + 20792 +62%92 + 321042
+ 3ay + 32343 462553 442543 +aTyd 4 6a5y3 + 621043

+ 5yt + 622yt +atyt  +abyt +a27y? +328%y + 5%
+ 212y5 + 2w3y5 + 69(:5145 + 4x6y5 + 5x7y5 + 43:9y5 + 4x10y5
+222y0 43230 4 50440 +525y5 4 6aTy0 + 42995 4 621046
+522y7 + 623y7 +525y7 +627y7 +32%97 4521047
4+ 2248 43258 4 22648 4308y 46228 + 5201048
423y +aty® +30%° 4625y +627y? + 2% 4621049
+ 523410 + 65y10 4 246410 4 28410 + 4310410

+atyll L aByll 4 o5gSy 1l 4 ap Tyl 4 ogg8yll 4 9g9,11
4+ 620y12 4 226412 4 5Ty12 + 329y124 351012
+524yl3 + 526413 4 32%y13 4 210413
4 525y14 4327y T 4a%y 44 251014
4+ 62%y15 4 a6yl 4 327y15 4 a8yl 4 0g9y 154 410,15
4 525y16 4 4g6y16 4 457,16 4 529y164 410,16



Section operators and diagonal 21/32

S,f = S,DF = DS, ,F

F= % =bta
b(0,0) =1
S.f=DS,,.b'a
=DS,, b PV la=Db 'S, " la
S.f=Db 'T,a T, = Sy bt

T, pseudo-section operator

Sr,rb_p = b_lTr



Finite dimension 22/32

f is rational

f is algebraic &
with respect to the radix p

Christol + Kamae

t Mendés France + Rauzy, 1980,
Suites algébriques, automates et
substitutions

Allouche + Shallit, 1992

The ring of k-regular sequences



Finite dimension 22/32

f is rational

f is algebraic &
with respect to the radix p
a
= D—
/ b
a generates
a finite dimensional vector space
f is algebraic & under the action of the

pseudo-section operators 7.



A stable subspace

23,32

Algebraic equation vy = 2z + by + 4ay® + zy®

a =1y + 2zy? + 62y + day? X
b=1+4 5z + 2zy + 3zy® + 62> O
X
p2d
&
d, = max(deg, a,deg, )
@) dy = max(deg, a, deg, b)
o—=o0

f=D

SRS



A stable subspace

23,32

a =y +2zy? + 6y + 4y
b =1+ 5z + 2zy + 3zy° + 6xy°

’ IE

dg



A stable subspace 23/32

a =1y + 2zy? + 62y + day? X
b=1+5z+ 2zy + 3zy® + 6zy> O
de
B =l O p="7
—(P*l)dy
T, =S,.B
dy e oot




A stable subspace 23/32

a =1y + 2zy? + 62y + day? X
b=1+4 5z + 2ry + 3zy® + 62> O
pdy
B =l O p="7
—(p— 1)dy
T, =S,.B
::EE K[z, yl<d, <a, stable by T;., 0 < r < p
dy e eoe
NSO °| finite dimension (1 + d)(1 + dy)
dg pdg

(p— l)dw



Rational series wrt p and linear representation 24/32

100000 =5 x 16807 +6 x 2401 +4 x 343 +3 x494+5x7+5x 1
= (5>6’4737575)7

fo+ fix + for® + faa® 4+ faxt + fsad + -
f5 + fiom + fro2® + foex® 4+ fazx* + faox® + - -

vector —* f(:r

O/ T) =

Ie)/ 595 f(x) = fao + feow + fiasx® + fierx® + fogex® + fogsz® 4+ - -
% — 939595 f(2) = fis7 + fssox + farsx® + f2162” + fissox® + fioo2a® + -
? = fiss0 + fa060T + feze12” + fsre2®® + friiezxt + -

N 565495555 f () = fis06s + fazrra® + faosror® + fossser® + fasioaz® + -
556515935555 f(2) = fi00000 + f217649T + f3352087% + fasooarx® + -
555654535555 f (0

)
5/ (@)
(x)
(z)
51958555 f (x)
(z)
(z)
)=

f100000
linear form



Rational series wrt p and linear representation 24/32

100000 =5 x 16807 +6 x 2401 +4 x 343 +3 x494+5x7+5x 1
= (5’6’4737575)7

=y + 2zy® + 629> + day?
=6+ 6y

vector — a(z,y) =
/ T5G($7y)
P sTsa(x,y) =5+ by
—T3T5T5a(z,y) = 5+ by
(z,y)
(z,y)
(z,y)
) =

ROPROTTO

0 T TsTsTsa(z,y) =2+ 2y

S TeTyT3TsTsa(x, y) = 2+ 2y

T Ty Ts T Tsalz, y) = 4 + 4y
T5Ts Ty T3T5T5a(0,0) = fio0000 = 4

\ linear form

finite dimension (1 4+ dz)(1 + dy)

a\z,



Rational series wrt p and linear representation 24/32

L:[IOOOO]

0 00 00O
Linear form/ 0 0
10
Ay, A, ... Ag C=10 2
0 6
/ 0 4
1 =z Action
y xy
basis: y2 a:y2 I
yS o ay? ,
B " Coordinates
y oy

a(z,y) =y + 22y* + 6xy> + day*

finite dimension (1 + dz)(1 + dy)



Rational series wrt p and linear representation 24/32

N = (Ne_1...NiNg),

SN =5SNn,_, SNy f(0)
i
fN = T’Ne_1 e TNOG(O, 0)

|}
fn=LAn, ,---AN,C

' ‘ ' Allouche + Shallit, 1992
arithmetic complexity O(log, N)  The ring of k-regular sequences



Precomputation of Ay, Ay, ..., A, 25/32

All information is in B = P~ 1.

matrix 4,: z"y" ———— 2"y"B ———— S, 2"y"'B
translation selection

No computation, except raising b to the power p — 1

cost: O(p?) (binary powering, Kronecker substitution, FFT)



Computing the Nth coefficient 26/32

precomputation computation
B =" fv =LAy, - AN,C
O(p?) O(log, N)

Theorem [New|: The Nth coefficient can be
computed in time

O(p®) + O(log, N).
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Only a small part of B = b*~! is enough 28/32

Task: Computation of Ag, A1, ..., Ap_1

row index i = (k, /)
column index j = (n,m)

B = Z caﬁxayﬁ
a?IB

xnym xnymB Sr7r$nymB

translation selection

YT Y ca Y > g g2ty
a,f o,
(©)

(C){n+a:pk+r = f—-—a=pl—k)+n—m

m+B=pl+r



Only a small part of B = b*~! is enough 28/32

I
N

QA
< 8
(1

e




Only a small part of B = b*~! is enough 28/32

(p—1dy



Rational series again

B(x/t,t) Zc gt

Z s (2)t°
1

d=f—a=p(l—k)+n—-m




Rational series again

B(x/t,t) Zc gt

B(x/t,t) = b(a/t,t)P~

Z s (2)t°
1

d=f—a=p(l—k)+n—-m

1 b/t P

b(a? /17, tP)

b(x/tt)

b(z/t,1)




Rational series again 29/32

B(x/t,t) an prth = Zm(fn)td
1

d=f—a=p(l—k)+n—m

bx/t,t)P  b(aP/tP,tP)

b(x/t,t) — b(x/t,t)
z/u =2 W b(a? /17, 7) = 3, b1 (aPy

rational serle% for free

B(z/t,t) = b(x/t, t)P~*




Rational series again 29/32

B(x/t,t) an prth = Zm(fn)td
1

bx/t,t)P  b(aP/tP,tP)

B(x/t,t) = b(z/t,t)"~! ba/tt)  blz/tD)

b b(xP /P, tP) = bz(,l) P)pY
o =S e ) = T80 )
rational serle% for free
ms(x) = Z b ()1 (2P) u+pr=90 = u=3J modp
u+pv=49

same intervals



Rational series again

J:/tt Zb

rational serleq

x)t* € K(a

(@)[[]]

same intervals




Evaluation and interpolation

Wlt 5 = D@ e K@)
§/t 5 Zb@) e K[t)], €eK

rational serles with coefficients in K

binary powering
about d, + d, = O(1) large leaps of length p
— cost O(logp)




Evaluation and interpolation 30/32

binary powering

about d, + d, = O(1) large leaps of length p
— cost O(logp)

interpolation

degree about (p — 1)d, = O(p)
— cost O(plog? p)




Evaluation and interpolation 30/32

binary powering
about d, + d, large leaps of length p
— cost (dy + dy) logp
interpolation
degree about pd,
— cost O(plog® p)

gathering
about (d; + dy)? = O(1) indices

— global cost O(plog? p)




Main result

31/32

Theorem [New and better|: The Nth coefficient
can be computed in time

O(p) + O(log, N).

Not quite obvious result following from the asymp-
totic expansions of the difference equation, shows
that [...] requires only O(p -log, N) operations.

D. Chudnovsky & G. Chudnovsky, 1990
Computer Algebra in the Service of

Mathematical Physics and Number Theory



Main result 31/32

Theorem [New and better|: The Nth coefficient
can be computed in time

O(p) + O(log, N).

What is the minimal complexity of the com-
putation of N-th coefficient of a power series
expansion of an algebraic function mod p for a
fized (large) prime p? It is reasonable to conjec-
ture that [...] one needs at most O(L(p)log N)
operations, where L(p) = exp(y/logp loglogp) at

least for hyperelliptic algebraic functions.

D. Chudnovsky & G. Chudnovsky, 1987

Computer assisted number theory with applications



Thank you for
your attention!
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